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The transversely-polarized state of a proton with arbitrary momentum is not an eigenstate of
transverse angular momentum operator. The latter does not commute with the QCD Hamiltonian.
However, the expectation value of the transverse angular momentum in the state is well-defined
and grows proportionally to the energy of the particle. The transverse spin content of the proton is
analyzed in terms of the QCD angular momentum structure. In particular, we reconfirm that the
generalized parton distributions H + E provide transverse orbital angular momentum densities of
quarks and gluons in the infinite momentum frame.
INTRODUCTION
The spin structure of the proton has been an important
subject in hadronic physics for more than 30 years. Much
of the discussion so far has been focused on the proton he-
licity, the projection of spin or total angular momentum
(AM) along the direction of motion, in a longitudinally-
polarized state. Sum rules have been derived for the pro-
ton helicity [1, 2], and many experiments have been car-
ried out to measure various contributions. Reviews of
the proton spin physics can be found in Refs. [3–7].
There is much less discussion about transverse spin
structure of the proton, except for various spin phe-
nomena related to transverse polarization, such as g2(x)
structure function [8], transversity distribution [9, 10],
and single spin asymmetries [11, 12]. The existing re-
sults on the transverse spin content of the proton in the
literature [13–20] are controversial.
In this paper, we derive a number of results about
the transverse AM in a transversely-polarized proton. In
one of our previous papers on this [18], we started from
the Pauli-Lubanski spin because its projection along the
transverse direction defines the transverse polarization.
However, since the operator involves Lorentz boost which
has dubious physical meaning in a bound state, we focus
here on the transverse AM operator. We find that the
expectation value of the latter is well-defined and grows
proportionally to the energy of the particle. Thus, we
analyze the transverse spin content in terms of the QCD
transverse AM, and derive a partonic sum rule in the
infinite momentum frame (IMT) [17, 18]. We also show
that canonical AM decomposition in the light-cone gauge
A+ = 0 and IMF gives the same result.
The key point in our derivation is to separate the in-
trinsic transverse spin contribution from the center-of-
mass motion contribution to the transverse AM of the
nucleon in a moving frame. Because of Lorentz invari-
ance, these two components can be distinguished by their
different behaviors under the boost along the momentum
direction of the nucleon.
We emphasize that it is important to distinguish three
related concepts: transverse polarization, transverse AM
and transverse spin. Transverse polarization is defined
through the PL spin vector, Wµ. Transverse AM is a
part of the PL spin vector which also contains the boost
operator. Finally, we refer the transverse spin as ~/2,
the ratio of the intrinsic part of the transverse AM over
Lorentz boost factor γ.
The rest of this paper is organized as follows. In Sec. II,
we review the basic formalism of the nucleon spin con-
structed from the projection of the PL vector and its
application to the transversely-polarized proton. We de-
rive, to our knowledge, an important new result in Eq.
(15). In Sec. III, We discuss the QCD source of AM
and derive the transverse spin sum rule for proton at any
momentum. A partonic sum rule in terms of generalized
parton distributions [2, 21] will be discussed in Sec. IV.
Finally, we summarize our paper in Sec. V.
TRANSVERSE POLARIZATION AND
ANGULAR MOMENTUM EXPECTATION
To discuss the spin structure of the proton, we start
from the spin as a emergent concept from the symmetry
of space and time [22]. The relativistic spin operatorWµ
is the PL four-vector,
Wµ = −
1
2
ǫµαλσJαλPσ/M (1)
= γ( ~J · ~β, ~J + ~K × ~β) , (2)
where the fully anti-symmetric Levi-Civita symbol
ǫ0123 = 1, ~K is the Lorentz boost operator, ~J is the
AM operator and M is the particle mass. Ki and J i
with i = 1, 2, 3 are related to the Lorentz generators by
Ki = J0i and J i = ǫ0jklJkl/2. In the second line of the
above equation, we have replaced the four-momentum
operator Pσ by its eigenvalues, the velocity ~β = ~v/c and
boost factor γ = (1 − β2)−1/2, which specify a Lorentz
frame. The frame-independent concept of spin is related
2to a conserved scalar operator WµWµ which has eigen-
value −s(s + 1)~2 independent of the particle’s momen-
tum, where s = 0, 1/2, 1, ... is the spin quantum num-
ber [22]. Thus spin is not only related to AM but also
to boost. We will focus on developing a spin picture in a
general Lorentz frame in terms of the AM operator alone,
because the physics of the boost operator is less clear in
the bound state structure.
In the rest frame, the proton spin state |~β = 0, ~s〉 can
be defined with the AM quantized along ~s,
~s · ~J
∣∣∣~β = 0, ~s〉 = (~/2) ∣∣∣~β = 0, ~s〉 . (3)
Boosting the above to an arbitrary Lorentz frame, one
has
(−WµSµ)|PS〉 = (~/2)|PS〉 , (4)
where |PS〉 have definite momentum Pµ = Mγ(1, ~β) =
(E, ~P ) and polarization four-vector
Sµ = (γ~s · ~β, ~s+ (γ − 1)~s · βˆβˆ) , (5)
with βˆ = ~β/|~β|, SµSµ = −1 and P
µSµ = 0. The
normalization of the state is covariant, 〈PS|PS〉 =
2E(2π)3δ3(0).
In terms of the polarization vector, the generalized spin
projection operator is
Sp = −W
µSµ = γ ~J ·~s−(γ−1)~s·~β ~J ·~β−γ~s·( ~K×~β) . (6)
Although a general polarization state |PS〉 is an eigen-
state of Sp, but the operator contains not only the AM
operator, but also the boost. As such, Sp in general is
not a good operator for studying the spin structure of
the proton.
Without loss of generality, one can assume the proton
momentum to be ~P = (0, 0, P z). For transverse polar-
ization along the x-direction, we have
~sx = (1, 0, 0) . (7)
And the covariant polarization four-vector is
Sµx = (0, ~sx) , (8)
which does not grow with the particle’s momentum.
Therefore, the transverse polarization vector appears to
be sub-leading or twist-three. In the parton language,
the leading twist has simple partonic picture, whereas the
subleading twist is related to parton correlations. How-
ever, we emphasize that this counting is only useful to
a certain extent for spin physics, and is not true in all
cases.
In the rest frame, one has,
〈β = 0, ~sx|J
x|β = 0, ~sx〉 = 〈J
x〉 = ~/2 , (9)
〈β = 0, ~sx|K
y|β = 0, ~sx〉 = 〈K
y〉 = 0 , (10)
where, for simplicity, here and in the rest of the section,
we have omitted the normalization of the state (divided
by 〈PS|PS〉 on the left hand side). It must be pointed
out that the above results are only true for the intrinsic
spin part. In particular, the second equation comes from
that the spin part of Ky couples the upper and lower
components of the Dirac spinor which has only the upper
one in the rest frame.
Since ~K and ~J transform under Lorentz tranformation
as (1, 0) + (0, 1), we have
〈Jx〉′ = γ(〈Jx〉 − β〈Ky〉) , (11)
〈Ky〉′ = γ(〈Ky〉+ β〈Jx〉) . (12)
From this, we can deduce that in a moving proton:
〈PSx|J
x|PSx〉 = γ(~/2) , (13)
〈PSx|K
y|PSx〉 = γβ(~/2) . (14)
Again, we emphasize this is only true for the intrinsic part
of the spin. In fact, it is easy to verify that the above
are consistent with Eq. (4) that a transversely-polarized
proton is an eigenstate of Sp = γ(J
x − βKy).
Therefore to understand the transverse spin structure
of the proton, a natural starting point is
〈PS⊥|J
⊥|PS⊥〉 = γ(~/2) , (15)
where ⊥ can be any direction transverse to the direc-
tion of motion (z). The above shows that the intrinsic
transverse AM grows as the energy of the particle, a fact
less appreciated in the literature so far. This indicates
that there shall be a simple partonic interpretation for
the transverse spin [18].
QCD ANGULAR MOMENTUM AND
TRANSVERSE SPIN SUM RULE
To understand the proton spin, we can start from QCD
AM operator expressed in terms of individual parts,
~JQCD =
∑
α
~Jα . (16)
Through the above, one can express the transverse spin
~/2 as contributions from different sources. This has
been a standard approach to explore the origins of the
proton spin in the literature.
From the standard QCD lagrangian, a straightforward
calculation yields the canonical AM expression [1]
~JQCD =
∫
d3~x
[
ψ†f
~Σ
2
ψf + ψ
†
f~x× (−i
~∂)ψf
+ ~Ea × ~Aa + E
i
a(~x×
~∂)Aia
]
, (17)
3where ~Σ = diag(~σ, ~σ) with ~σ being the Pauli matrix,
and the contraction of flavor and color indices, as well
as the spatial Lorentz index “i”, is implied. The above
expression contains four different terms, each of which
has a clear physical meaning in free-field theory. The
first term corresponds to the quark spin, the second to
the quark orbital AM (OAM), the third to the gluon spin,
and the last one to the gluon OAM. Apart from the first
term, the rest are not manifestly gauge-invariant under
the general gauge transformation. However, the total is
invariant under the gauge transformation up to a surface
term at infinity which can be ignored in physical-state
matrix elements.
Using the Belinfante improvement procedure [23], one
can obtain a gauge-invariant form [2],
~JQCD = ~Jq + ~Jg
=
∫
d3x
[
ψ†f
~Σ
2
ψf + ψ
†
f~x× (−i
~∇− g ~A)ψf
+~x× ( ~E × ~B)
]
. (18)
All terms are manifestly gauge invariant, with the second
term as mechanical or kinetic OAM, and the third term
gluon AM.
To evaluate the quark orbital and gluon contributions,
we introduce the AM density,Mµνλ, of QCD, from which
the AM operator is defined. It is well-known that the AM
density is related to the energy-momentum tensor (EMT)
T µν through [1, 23],
Mµνλ(x) = xνT µλ − xλT µν . (19)
The individual contributions to the EMT, hence AM den-
sity, can be written as the sum of quark and gluon parts,
T µν = T µνq + T
µν
g , (20)
where
T µνq =
1
2
[
ψ¯γ(µi
−→
Dν)ψ + ψ¯γ(µi
←−
Dν)ψ
]
, (21)
T µνg =
1
4
F 2gµν − FµαF να , (22)
where Tq includes quarks of all flavor. The expectation
values of the AM densities can be derived from the off-
forward matrix elements of EMT [2],
〈P ′S|T µνq/g(0)|PS〉 = U¯(P
′S)
[
Aq/g(∆
2)γ(µP¯ ν)
+Bq/g(∆
2)
P¯ (µiσν)α∆α
2M
+ Cq/g(∆
2)
∆µ∆ν − gµν∆2
M
+C¯q/g(∆
2)Mgµν
]
U(PS) , (23)
where P¯ = (P + P ′)/2, ∆ = P ′ − P . U and U¯ are Dirac
spinors for the nucleon state, and A, B, C and C¯ are four
independent form factors.
Now, we consider the contributions of the quark and
gluon AM to the transverse spin of the proton. Define,
Jq,g⊥ = 〈PS⊥|J⊥q,g|PS⊥〉/(γ〈PS|PS〉) , (24)
then the quark and gluon contributions can be related
to the form factors in Eq. (23). In calculating the ma-
trix element above one must take into account the fol-
lowing observation. The intrinsic part of the spin is
what’s Pauli-Lubanski vector ensures through the projec-
tion ǫαβγδJβγPδ. Thus any contribution from the matrix
elements of Jβγ that is proportional to Pβ and Pγ are
not intrinsic, and must be dropped, as these contribu-
tions are coming from the center-of-mass motion of the
proton. Thus,
〈Jx〉 = 〈Jyz〉 = 〈M0yz〉 . (25)
Simplifying Eq. (23), we obtain,
〈P ′|T µν |P 〉 = i
∆ρ
2M
[
(A+B)(Pµǫρναβ + P νǫρµαβ)
+2ǫ0ραβ(APµP ν +M2C¯gµν)/(E +M)
]
SαPβ
+... (26)
As mentioned above, any quantity proportional to P ν
does not contribute to the intrinsic properties, the first
term in the second line of the above equation drops out
in Eq. (25). The gµν term does not contribute either.
Therefore, we will only have contribution from the first
term and one finds,
Jq,g⊥ = (Aq,g +Bq,g)/2 , (27)
which is independent of the momentum of the proton and
is exactly the same as the helicity case [2]. Thus one has
the transverse spin sum rule
Jq⊥ + J
g
⊥ = ~/2 . (28)
The C¯ does not contribute because it does not contribute
to the momentum density which is the source of AM 1.
The potential contribution from the center-of-mass mo-
tion has lead to the incorrect results for the transverse
AM in the literature [13, 16].
One may further decompose the quark contribution
into transverse spin ∆Σ⊥/2 and orbital (Lq⊥) ones,
Jq⊥ =
1
2
∆Σ⊥ + Lq⊥ . (29)
It is easy to derive that the former from [1]
〈PS⊥|ψγ
µγ5ψ|PS⊥〉 = ∆ΣMS
µ , (30)
1 If M+yz is used to construct the transverse angular momentum,
there will be a potential contribution from C form factor [16, 19].
4where ∆Σ is the singlet axial charge of the nucleon, from
which we have
∆Σ⊥ = (M/E)
2∆Σ = γ−2∆Σ . (31)
In the rest frame, this is exactly the same as the quark
helicity contribution, as it must be. As the momentum
of the proton gets large, the transverse spin contribution
is suppressed by 1/γ2, although the sum of the spin and
orbital contribution in Eq. (27) is frame independent. In
particular, in the IMF, the entire quark contribution is
from the orbital motion, Lq⊥.
PARTONIC SUM RULE FOR TRANSVERSE
SPIN IN INFINITE MOMENTUM FRAME
Since the transverse AM grows with energy of a parti-
cle, it shall have a natural interpretation in terms of par-
tons in the IMF. This is a actually a subtle subject [18].
Consider the transverse AM in term of EMT in Eq.(25),
it is clear that T 0z has a leading partonic interpretation,
whereas the other part T 0y does not because T 0y involves
transverse momentum which is a subleading (twist-three)
property of a parton. However, the contribution from
these two sources are exactly the same from symmetry
reason, namely they both contribute to 1/2 of the trans-
verse AM. Here we focus on the part of the transverse
angular momentum can be explained in term of partons,
leaving the twist-three contribution future discussion.
In the IMF, P z → ∞, both z and 0 components are
leading. Consider the gauge-invariant form of the EMT,
the quark part is
T 0zq =
1
2
ψ(γ0iDz + γziD0)ψ . (32)
When this operator is boosted to IMF [24, 25], the lead-
ing contribution is the same as
T++q = ψγ
+iD+ψ , (33)
which in the light-cone gauge A+ = 0 becomes
T++q = ψγ
+i∂+ψ . (34)
This is the total quark momentum density operator.
Likewise, considering the quark part of the canonical or-
bital angular momentum in Eq. (17) in IMF. The part
which has a partonic interpretation is
∫
yψγ0(i∂)zψ. The
momentum density ψγ0i∂zψ in the light-cone gauge is ex-
actly the same as T++q . Therefore, in this special limit
of IMF and light-front gauge, both form of QCD AM re-
duces to the same simple non-interacting partonic form.
Therefore, it is natureal to define a twist-two partonic
density [17, 18, 26],
Jq⊥(x) = x [q(x) + Eq(x)] /2, (35)
where q(x) is the unpolarized quark/antiquark distribu-
tions, and Eq is a type of generalized parton distributions
(GPDs). Integrating the above over x gives the total
transverse AM carried by quarks,
Jq⊥ =
∫
dxJq⊥(x) . (36)
Here, Jq⊥(x) is the transverse AM density carried by
quark parton of momentum x in a transversely polarized
nucleon.
Similar argument works for the gluons. The momen-
tum density of the gluon is
T 0zg = F
0iF zi = −EiF zi . (37)
In the Az = 0 gauge which becomes the light-cone guage
in the IMF, the above becomes
T 0zg = F
0iF zi = Ei∂zAi , (38)
which corresponds to exactly the momentum density in
the canonical AM expression in Eq. (17). [The gluon
transverse spin contribution (the ~E× ~A term) also vanish
like γ−2 in the IMF.] Therefore, one can define a gluon
transverse AM density,
Jg⊥(x) = x [g(x) + Eg(x)] /2, (39)
whose integral yields the gluon orbital contribution to
the transverse proton spin,
Jg⊥ =
∫
dxJq⊥(x) . (40)
Therefore, as we have advocated before, we see that
GPDs is naturally related to the parton distribution of
the transverse spin of the proton [15, 17, 18].
CONCLUSION
In this article, we discuss the sum rule for the
transversely-polarized proton. For the intrinsic trans-
verse AM or spin, we obtain a similar sum rule as that for
the helicity, except now the quark spin and orbital con-
tributions are frame dependent, with former vanishing
in the infinite-momentum limit. In the IMF, a partonic
sum rule can further be derived for the part of the trans-
verse spin in terms of twist-two quark and gluon OAM
distributions expressible in term of GPDs.
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